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I present a detailed statistical analysis of fluorescence correlation spectroscopy (FCS) which is a natural extension of an early work. 
This analysis more realistically takes account of the following issues. (1) A spatial Gaussian laser excitation of fluorescence, (2) the 
effect of a small number of fluorescent molecules in the observation volume, (3) the shot noise effect due to random emission of 
fluorescent photons, and (4) a hyperbolic form for the fluorescence autocorrelation function obtained in the case of diffusion. Based 
on these assumptions, the results differ from the earlier work in several respects, in particular, the dependence of the signal-to-noise 
ratio on sample concentration and the understanding of shot noise in fluorescence fluctuation moments. 

1. Introduction etitive measurement of microscopic fluctuations. 

In fluorescence correlation spectroscopy (FCS), 
a technique that can be used to determine the 
properties of molecular transport and chemical 
reaction, spontaneous concentration fluctuations 
of fluorescent molecules in a small region of the 
sample are measured in terms of fluctuations of 
fluorescent intensity induced by focused excitation 
laser. At equilibrium each spontaneous micro- 
scopic fluctuation is stochastic in nature, but the 
average time course is well dictated by the phe- 
nomenological dynamics of the system, i.e., diffu- 
sion, flow or drift, and/or chemical conversion 
[1,2]. In FCS, statistical analysis, via a fluores- 
cence fluctuation autocorrelation function, is used 
to derive macroscopic phenomenological parame- 
ters, i.e., the diffusion coefficient, drift or flow 
rate, and/or chemical rate constant, from the rep- 
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Therefore, it is essential to understand the statis- 
tial accuracy of FCS in order to ,obtain optimal 
experimental performance and design. This paper 
is an extension of the early work of Koppel [3]. 
Detailed analysis is developed for a much more 
realistic diffusion problem. Most of the mathe- 
matics involved in the derivations has been omitted 
and the focus is mainly on the physical interpreta- 
tions and implications of the results. 

The main differences ‘between the present re- 
sults and those of the earlier work are as follows: 
(1) An arbitrary spatial profile of the excitation 
laser, a Gaussian beam in particular, has been 
considered, rather than uniform illumination. It is 
essential to use a focused laser beam to obtain a 
small illumination volume, but a focused laser 
beam has inevitably a nonuniform intensity pro- 
file [4]. (2) A more realistic hyperbolic time corre- 
lation for diffusion is used instead of an exponen- 
tial correlation function. It will be shownthat this 
has a significant theoretical consequence on the 

0301~4622/90/$03.50 0 1990 Elsevier Science Publishers B.V. (Biomedical Division) 



50 H. @an/Statistics of FCS 

convergence rate of the signal-to-noise ratio in the 
experimentally measured autocorrelation function. 
The hyperbolic function is the correct form of 
fluorescence correlation function for simple diffu- 
sion [5]. (3) Shot noise is discussed rigorously. 
This mathematical formalism is necessary to 
accomodate recent work using high-order mo- 
ments to characterize molecular aggregation [6,7]. 
(4) It is not assumed that the fluorescence inten- 
sity is a Gaussian random process. The non-Gaus- 
Sian behaviour of the fluorescence intensity is also 
essential for the analysis of higher fluctuation 
moments [6]. The assumption of Gaussian fluores- 
cence intensity is equivalent to assuming that the 
number of particles in the observation region, m, 
goes to co, thereby eliminating the characteristics 
of the fluctuation statistics of interest in polydis- 
perse system. As pointed out by Palmer and 
Thomps6n [6], under these conditions, the capabil- 
ity of high-moments analysis diminishes_ 

The most important results are: (1) It is demon- 
strated that the measured photocounts are related 
to the fluorescence intensity by a Poisson transfor- 
mation. This relationship is independent of the 
details of the statistical distribution of fluores- 
cence intensity and its spatial characteristics, i.e., 
the Poisson nature of shot noise is generic, and is 
robust against the details of the nature of the 
fluorescence fluctuation and the optical instru- 
ment. Therefore, correction of the shot noise ef- 
fect, either by the direct Poisson method [S] or by 
correlation function extrapolation [6], can be 
accomplished independently of the measurement 
system. (2) The leading asymptotic term for con- 
vergence of the experimentally calculated autocor- 
relation function to its expectation is on the order 
of lnN/N rather than l/N, where N is the total 
number of repetitive measurements. (3) The previ- 
ously asserted lack of dependence of the signal- 
to-noise ratio of the autocorrelation function on 
sample concentration [3] is shown to be valid only 
at high sample concentrations, and a more general 
but complex relation is developed_ (4) Illustration 
is given of how to exclude shot noise completely, 
by extrapolation of the measured high-order 
fluctua.tion correlation function, with properly 
chosen time arguments. 

2. Photocounts as a stochastic process 

Let us consider a single fluorescent particle 
diffusing freely under a given excitation light in- 
tensity profile I(r), where r can be two-dimen- 
sional on a membrane surface, or three-dimen- 
sional in a bulk solution. The particle is undergo- 
ing random diffusion, and its position r is best 
characterized by a diffusion equation. As a func- 
tion of position r, the fluorescence intensity itself 
is a random process. Furthermore, even with con- 
stant fluorescence intensity, the number of de- 
tected photons or photocounts, within a defined 
counting interval, varies due to the nature of fluo- 
rescence random emission, thereby causing shot 
noise. To derive the stochastic characteristic of the 
detected photocounts in terms of the diffusive 
motion of the underlying particles is the main 
theme of this section. We begin by considering 
single particle diffusion in a sample volume V, 
then the case of M identical but independent 
particles is dealt with; and finally, we let both M 
and sample volume V + ~4, but hold M/V (= Z) 
constant. This line of derivation is valid for an 
ideal solution, where intermolecular interactions 
are negligible. 

2.1. The photocounts from a singIe diffusive particle 

If we denote the random process p(t) as the 
detected photocounts emitted from a single fluo- 
rescent particle which is confined within a volume 
V, diffusing freely and excited by a laser with 
intensity profile I(r), we have: 

Prob{p=k} =/J~~l(r)]*/k! exp[-ATI( 

XP(r) dr (1) 
where the X is the photon yield of the particle per 
unit time under unit excitation and T the photon 
counting time interval for each measurement 
(dwell time). The number of fluorescent photons 
emitted under constant excitation is assumed to be 
a Poisson distribution [9]. The probability distri- 
bution, P(r), of position r is uniform and equals 
l/V for a particle at equilibrium in free space. 
The joint probability for p(t) at fi and t, is 
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Prob(k,t,;h,t,} = Prob{kO;kt+~I = 
Rob{ k,O; h,T} 

[ (for 7=f2-t,=O) 

(2) 

we use the transition probability of r appropriate 
for a diffusion process: 

Prob{r, Irr,~} = (1/47rD~) 

xexp[ - (r, - 5)‘/4&] 

Use of the transition probability for free space 
here is justified, since the observation volume is 
always a negligible fraction of the total sample 
volume, and hence the boundary of the sample 
chamber does not effect the diffusion of the par- 
ticle. 

2.2. The Poisson transformation and shot noise 

Now let us consider the effect of shot noise. To 
demonstrate the shot noise effect on the measured 
fluorescence intensity, the following equation, 
which is equivalent to eq. 1, is important: 

Prob{ p = k} = k-(x)*/k! exp( -x) 

xProb{@=x} dx (1’) 

where @ is the ideal, shot noise free, fluorescence 
intensity, defined as @ = hTl(r), a function of the 
random variable r (0 z% Cp I cc). The mathematical 
proof is straightforward and is omitted here. How- 
ever, it is worth noting that: 

P(r) dr=Prob{@=Xi’Y(r)} d(ATl(r)) 

Eq. 1’ has a strong physical interpretation: when 
the fluorescence intensity @=x, then the prob- 

ability of detecting k photons is given as a Pois- 
son distribution with x as mean. In other words, 
the probability distribution of the detected photo- 
counts p is simply a Poisson transformation of 
the distribution of @, independent of the detailed 
form of Prob{ Qi = x >. From eq. l’, it is easy to 
verify that the factorial moments of p, (p!/(p - 
k)!), are related to the ordinary moments of @, 
(@“>, as follows: 

(P!/(P - k)!) = (@) (3) 
This result has previously been derived for um- 
form illumination (see ref. 3, and references cited 
therein). Therefore, irrespective of the detailed 
form of fluorescence intensity, 0, i.e., the motion 
of the underlying particle P(r) and the functional 
form of the excitation profile Z(r), eqs 1’ and 3 
are valid. 

Since eq. 2 is discontinuous at 7 = 0, care must 
be exercised to extend eq. 3 to a time correlation. 
The discontinuity in eq. 2 arises from the fact that 
the time correlation for the photon emission can 
be neglected in our studies. This is a good ap- 
proximation, since the correlation time in the 
emission is approx. lo-i4 s (shot noise) and the 
correlation time of diffusion in which we are inter- 
ested is about 10V4 s. Therefore, the emission is 
random on this time scale, and the shot noise is 
correlated neither with itself in any measurement 
time scale, nor with particle motion. Shot noise 
contributes only when T = 0, and decays to zero 
when r # 0. 

2.3. The Gaussian laser excitation profile 

We have demonstrated that the photon count 
distribution, p, and fluorescence intensity distri- 
bution free of shot noise, @, are related by a 
Poisson transformation. Now we derive the depen- 
dence of the moments of the fluorescence intensity 
distribution on the excitation profile. If we denote 
xk = jJk(r) dr, we can calculate factorial mo- 
ments of p from eq. 1, (p!/(p - k)!) = 
( XT)k~,J V. Furthermore, for a two-dimensional 
Gaussian excitation profile I(r) = I(O)exp( - 2r2 
/o*) [5], we have xk = vu21k(0)/2k. If we denote 
L? = ?rw2/V = ~w~/( nR2) and q = XTI(O), then: 

(p!/(p - k)!) = (XT)‘%,/V= Qqk/2k (3’) 
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This is similar. to eq. 19 in Koppel’s paper [3], 
where a uniform disk excitation is assumed so that 
xk = TWEAK. Eq. 3’ can be rewritten as follows: 

(P> = %I/2 

(PZ> =O[q2/4+q/21 

Q3> = @q3/6 + 3q2/‘4 + @I 
(p”} = L![ q4/8 + q3 + 7q2/4 + q/2] 

where q is the photon yield, the mean photon 
counts per fluorescent molecule for the given dwell 
time T and excitation intensity I(0) [7]. Those 
terms with low power of q are the contributions 
from shot noise. Obviously, when q s 1, the ef- 
fects of shot noise can be neglected [lo]. 

The time correlations can be calculated from 
the joint probabilities. For example, 

CP(G)P(G)) = 0Q2/4)g& - G> 
+ (Qq/V,,,,2 

(P(~,)P(~,M,)) = W/6hT2(~2 - t19t3 - t2) 

+(~q2/4)~,,J2gl(~3 - t2) 

+ ( h2/4) %12,t& (I2 - t1> 

+ fJw/4 + 4/2M,J16,*J1 

(P(‘1)P(tz)P(t3)P(r4)) 
= @q4/S)g3(t* - l,J, - t,,Lr - t3) 

+@q3/6)~,,,,&s - t2,f4 - t3) 

+(Q3/6)~tt,,r,g2(t2 - b,t4 - t3) 

+(Qq3/‘6)~r3.r,g2(t3 - *2,12 - G) 

+(Qq2/4)Sfi,lzsf3,,4gl(t3 - t2) ’ 

f (Dq3/6)$,,lZS1Z,r3g2(0,t4 - t3> 

+(52q2/4)6r,,t;6r,.ragl(t4 - t3) 

+ ( Qq3/6)St2,,~,1,,4g2(r2 - h,O) 

+ (S2q2/4)6t,,I~~lj,lqgl(t2 - t1) 

+ Q( q3/6 + q2 + q/2) h,,$i2,tJsr,.t4 

.*. 

Here the g, are normalized, multiple-time-point, 
high-order correlation functions. The delta func- 

tion 4,,,2 is equal to unity when ti = t2 and equals 
zero when t, # t,, indicating the discontinuities. 
There will be no shot noise contribution if and 
only if t, f t, and t2 f t3 (I, I r2 5 t3). If two 
time arguments are equal but not the third, there 
will still be some shot noise contribution [IO]. 

2.4. The photocounts from M independent purticles 

For a system consisting of M identical, inde- 
pendent particles, the total detected photocounts, 
P, is the sum of individual ps: 
P=p, +p2 +p3 + . . . +pw. 

Hence, 

(P} = M(p) = MqQ/2 = mq/2. 

Here we let M + CCI, St + 0, and MO + m which 
is the mean number of particles in the BW* region. 
When D + 0, all the term Q2, Q3,. . . can be 
omitted when compared to s2, therefore ((p - 
(p))“) = ((AP)~) = (pk>, since (p’>J C[ s2J. We 
use the notation o(P) to indicate all terms of 
order higher than D, hence o(n),/&! -+ 0 as D + 0. 
Therefore, 

((AP)‘) = M((AP)‘) = m[q2/4 + q/2] 

<(AP)3) = M((AP)? 
= m ( q3/6 + 3q2/4 + q/2] 

WP)4) =W(AP)~) + WM- W(AP)~)~ 

= m [ q4/8 + q3 + 7q2/4 + q/2] 

+ 3((AP)2)2 
. . . 

Similar results are well known from a study of 
photoelectron statistics [9]. Also, 

(AP(r, = WP(QP(f2)) (44 

(AP(f,)AP(b)AP(td> =M(P(~,)P(~,)P(~,)) 

(4b) 

(AP(t,)AP(t,)AP(t,)AP(t,)} 

=M(p(tl)p(t,)p(t,)p(t,)) 

+ {AP(t,)AP(t2))(AP(~3)AP(t4)) 

+ (AP(tl)AP(t,)>(AP(t,)AP(r,)) 

+ (AP(t,)AP(t,))(AP(r,)AP(t,)) (4~) 
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In eq. 4c, the first term on the right is propor- 
tional to m, all the others, to m2. Therefore, when 
m + 00, the first term is negligible and eq. 4c 
becomes eq. 32 in Koppel’s paper [3]. This result 
is the characteristic property of a Gaussian ran- 
dom process [ll]. However, non-Gaussian be- 
haviour, i.e., small m, has been demonstrated to 
be essential for the high-moment analysis of 
molecular aggregation [6,7], and therefore, is not 
negligible in general. 

G2(0,r) and G,(O,r,O) is not totally shot noise free 
(see section 4). Fig. 1 shows an example of these 
FCS correlation functions for molecular diffusion. 
It is interesting to note that the half decay time is 
shorter for higher order correlation functions. 
Thus, the higher order correlation function em- 
phasize smaller spatial frequencies of the diffu- 
sion. 

As demonstrated before, we cannot obtain 
higher moments of fluorescence fluctuations free 
of shot noise directly from the high moments of 
the measured photon counts. One conventional 
method to correct the shot noise is by calculating 
the time correlation function. Since the shot noise 
contributes only to 7 = 0 in our measured fluores- 
cence fluctuation correlation function, we can ex- 
trapolate the time correlation to zero time to ob- 
tain the shot noise free fluorescence intensity mo- 
ments. For a single-component system, the func- 
tional forms of correlation functions higher than 
order two can be calculated analytically, although 
the calculations are tedious but straightforward. 
The first-order correlation function has the form 
[51: 

3. The statistical analysis of FCS 

As we stated in the foregoing, the FCS analysis 
is a statistical method. Therefore, even with in- 
finitely precise measurements of the fluorescence 
intensities, uncertainties in the experimental auto- 
correlation function are expected. The experimen- 
tal autocorrelation function is calculated from 
averaging a sequence of repetitive intensity mea- 
surements. Therefore, the uncertainties, or more 
formally the statistical variance, are inversely pro- 
portional to the number of repetitions. 

3.1. The statistics of a time sequence 

We denote the mean of N repetitive experimen- 
tal measurements, 

G,t71)=(1r02/2)[2(1+71/7~)1-1 S,=(P,+P,+P,+...+P,)/N 

the second- and third-order correlation functions 
are [Xl: 

Thus (S,) = (P), independent of N. It is well 
known that if all the measurements Pk are inde- 
pendent, then the variance of S: 

(AS;) = (AP2)/N 

-llP1 

-41-l 

where rd = w2/4D, t, 2 t3 2 t, 2 t, 2 to = 0, and 
7, = ii - t,_, _ > 0. In our laboratory, we calculate 
g2(~,~) = (~rw’/2)[4(1 + ~/r~)~ - 11-l and 
g&7,7,7) = (sw2/8)[2(1 + T/Q)3 - (1 + 7/7&i. 
When we extrapolate to zero time, shot noise is 
completely eliminated. On the other hand, ex- 
trapolation based on the functional forms of 

However, since the experimentally collected 
data are a time sequence, usually they are not 
totally statistically independent, hence the time 
correlation plays an important role in the statis- 
tics. If these P are measured successively with 
time interval, T, less than the characteristic corre- 
lation time, they are necessarily correlated with 
each other, thus, 

(AS:) = (AP’)( 
N-l 

l/N+ (2/N) c (1 -k/N) 
k=l 

X&(k) 1 
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If J_?gi(t) dt = T < + cc, then (AS:) - (1 + 
2/a)(AP2)/N + 0(1/N). Here u = T/T. When u 
is small, (AS:) - (AP2)/(aN/2), the reduction 
by a factor of a/2 indicating that only those 
measurements with time separation longer than 2 r 
can be treated as independent measuremements. 

Unfortunately, the time correlation of FCS for 
diffusion is hyperbolic which does not satisfy the 
above condition ( jO-gl(t) dt < + 00). Actually, 
f=g(t)dt = fTdt/(l + f/~~) - ln(crN) --t 00 [5], 
and this time correlation is so persistant that: 

(AS:) = 2(A@‘) ln(uN)/(oN) + (AP’j/N 

- 2(A92),/( UN) + 0(1/N) 

(c= T/T,) (5) 

here (A@‘) = lim, _ 0 (P(0) P( t)), the second mo- 
ment of fluorescence intensity. (Therefore, if there 
is shot noise in P, then {A PAP) = (A@A@) + 
(P) [7].) Although eq. 5 does go to zero, the rate 
is much slower than the conventional l/N. When 
N + co, the leading term is ln N/N rather than 
l/N. On the other hand, the second term can be 
neglected only when ln( aN) B 1 which is an ex- 
perimental condition rarely realized. In the follow- 
ing analysis, we will keep both the ln(N)/N and 
l/N terms, and neglect only terms 0(1/N). A 
rough estimation of eq. 5 can be obtained easily 
based on a continuous calculation which does not 
include the shot noise contribution: 

(AS:) = (A@A@)/( NT)2kN=d,,iMh,, 

Xg,Ot2-4I) 

For the higher moments 

(AS:) - 9(A03)(ln(aN)/2(uN))2 N + cc 

(ASP) - 12(A@“)(ln(eN)/(uN))’ N -+ cc 

They are all on the order of 0(1/N), and so can 
be neglected when compared with (AS:). 

3.2. Autocorrelation of a fluorescence time sequence 
in FCS 

In the FCS experiments, we calculatexxxxx 

s,(V) = t Pd=‘,c+v/N- 

2 

k-l 

(S2(v)) = (J-YO)P(vT)) - (G2) 

= WW’W)) - (Wd2) - @d2 

= (AP(O) - ((AS,)‘) 

It is interesting to note that (S,(v)) itself depends 
on N, in contrast to (S,} = (P), and is always 
less than the true value (AP( P(vT)). The 
approach to the true value, with increasing N, is 
not ‘symmetric’ (see section 4). 

When N + cc, the variance of &(v) is: 

((AM+“> 

= (1/N2)$ ~(AP,AP,+.AP,AP,+.) 

- (AP,Apk+,)2 + 2((As,)2)(AP,A&+,) 

+0(1/N) (6) 

= 

mq4[tp+1)ln(r~(p--2-ll)/r2 
/t~-r~-l1))/(rl-r2)/2-lntp)l 

/(4aN) + mq4 ln(2poN/(2p - 1)) 

/(8p20N) + m2q4 ln(aN)/(4paN) 

- l/(crN)[ mq4/(8p2) + m2q4/(4p) - m2q4 

xln(p/(2-p))/(~-1)/16-m~q~/8] 

+ (b’N)[ mq4/8/(2p - 1) + mq3 

/(4~ - 1) + mq3/(4p2 - 1) + mq2/(4p)] 

+ m2q4/16 + m2q4/(8p) + m2q4/(16p2) 

+ m2q3/4 + m2q3/(4p) + m2q2/4 + m2q2 

/4/(2~ - 1) + ~VN) (for v+O) 

((v4/8) ln(2uN)/(oN) + (mq3/2) 
xln(4aN/3)/( UN) + [ mq2/2 + m2q4/4 

Cm2q3/2] ln(uN)/(aN) - [ mq4/8 

C +mq3/2 + mq2/2 + m2q3/2]/(cJN) 

+ [ mq4/8 + mq3 + 7mq2/4 + mq/2 

+ m2q4/4 + m2q3 + m2q2] /N 

\ +0(1/N) (for v=O) 

where p = 1 + uv, and r, and r2 are the roots of 
the quadratic equation 2r2 - 2uvr - 2uv - 1 = 0. 
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1 

Time (set) 

Fig. 1. Normalized higher order fluorescence correlation func- 
tions from a fluorescent labeled protein sample: g1(7) (o), 
g2(r,T) (O), and &(T,T,T) (A). Lines: [If 7/0.014]-‘, 3[4(1+ 

~/0.014)~ -l]-‘, and [2(1+ 7/0.014)’ - (1 + ~/0.014)]-‘. 

The signal-to-noise ratio in the measurement is 

defined as (&)//m [3]. 
When q + co, the shot noise effect can be 

neglected and there will be no discontinuity at 
v=o: 

((As,(v))‘) 
= ( mq4/8) ln(2aN)/( oN) + ( m2q4/4) 

The task of obtaining quantitatively the ana- 
lytic result for the signal-to-noise ratio is tedious, 
and the result is not transparent. Here, we have 
employed a simple, comprehensible scaling argu- 
ment to demonstrate, semi-quantitatively, the 
above result. It is easy to verify without detailed 
calculation that the terms involved in eq. 6 have 
the forms m’qJ (i = 1,2; j = l-4). For simplicity, 
we retain only the highest and lowest order terms 
and neglect the others. Hence, 

x ln( UN )/( UN) - mq4/8aN + [ mq4/8 

+m2q4/4],‘N+ 0(1/N) 

Otherwise, the shot noise contributes additionally 
to the variance of S,, the second moment of the 
measured photon counts. 

When m + co, the m terms can be neglected 
when compared to the terms of order of m’. 
Therefore, ((AS,(v))‘) am*, and since (S,(v)) 

th e signal-to-noise 

;~;;&Zii? 

ratio, 

is independent of m, the 

( @S*(v))2) - ( my2 + mq4 + m2q2 + m2q4)/N 

where we have ignored q3 terms. Therefore, if 
m * 1, ((AS,(v))*) - (m2q2 + m2q4)/N. Since 
(S,) = mq2, then the signal-to-noise ratio (S/N) 
- qN’/*/ I/-. Thus, when q increases, the 
(S/N) approaches the stochastic limitation at 
which the signal-to-noise ratio is limited solely by 
the stochastic nature of the fluctuation measure- 
ments. On the other hand, if m -=x 1, 

(S/N) - q(mN)“2//q. 

number of particles in the observation region, but This is to say, when both m and q are small, the 
depends only on q, the photon yield for a single (S/N) does depend on the magnitude of signal 
particle. This is the result Koppel [3] obtained by (mq2), but when q F+ 1, it depends on (mN)‘/2, 
assuming that fluorescence intensity is a Gaussian the number of particles in the observation region. 
random process. Thus, the independence of the It is worth noting that the relative fluctuation 
signal-to-noise ratio from sample concentration is d-/(P)‘- (mN)- ‘12. 

merely a limited case of m ---, 00. More quantita- 
tively, when m 4 00, 

(@W,‘) 

= m2q41n(oN)/(40N) + (1/N)[m2q4/4 

+ m2q3/2 + m2q2/2] 

therefore, 

=2q(oN)l”/ q21n(oN)+oq2+2uq+2u 

which is the same as Koppel’s eq. 40 [3]. 

3.3. A dimensional scaling analysis of signal-to-noise 
ratio 
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4. Discussion 

4.1. The shot noise and high moments 

The moments of the fluorescence intensity dis- 
tribution can provide information about molecular 
aggregation [7,12]. However, the moments of the 
photon counts which are experimentally measured 
have contributions from the shot noise due to the 
random emission of fluorescent photons. To 
estimate correctly the moments, two methods have 
been introduced. One of these procedures involves 
the fitting of the time correlation function and 
extrapolating to time zero [6,10,13]. This method 
is time-consuming, and requires extensive calcula- 
tion and curve fitting. Moreover, it is necessary to 
know the form of the correlation function a priori. 
Also, when this method is applied to moments 
higher than order 2, there are additional discon- 
tinuities at t, = 1,. For example, 

hm PW)p2(~)) + ,,,limu(P(0)P(tl)P(t2)> 
1-O 

II * fl 

The right-hand side is what we need, but the 
left-hand side tends to overestmate the third mo- 
ment, since there is still a shot noise contribution. 

The alternative approach is to eliminate di- 
rectly the shot noise effect from moments of pho- 
ton count distribution according to ey. 3. It has 
been shown that when shot noise is overwhelming, 
this method will not provide an accurate estima- 
tion of moments of fluorescence intensity, and the 
extrapolation can provide better results. 

4.2. Knowing (I’) a priori 

The following discussion is of interest from a 
theoretical point of view. In Koppel’s paper [3], 
beside defining S, = CNP2/N - (CNPk/N)2, he 
has defined an alternative form Sr’ = CNPi/N - 
(P>2. Here, we need to know the exact value of 
(P} a priori. One surprising result is that the 
signal-to-noise ratio for S; is actually greater than 
S,. This anti-intuitive conclusion results from an 
inappropriate definition of S,l. The moment by 
definition is {(P- (I’))‘}, and this form is 
mathematically equal to (P’} - (P)‘. Therefore, 

if we know (P), we should construct the ex- 
perimental estimation S;’ = Cz( Pk - ( P))2/n, 
rather than S,l. Obviously, (Si’) = ((AP)2), 
and ((AS,“)2) = (1/N2)C,~.,((AP,)2(AP,)2) 
- ((A P)‘)‘. This is even smaller than ((AS2>2) = 
(1/N2)~,~:,((AP,)2(AP,)2) - ((Ap>2>Z + 
2(ASf)((AP)2) - ((AS)2)2, therefore the extra 
information helps. The estimation for the time 
correlation, Y + 0, has a similar conclusion. 

4.3. The asymmetric fluctuation of S, 

As mentioned previously, the estimation S, ap- 
proaches (A P2> in an asymmetric fashion: 

(S2) = (GW2) - ((AS,)“) 

= ((AP)*) - 2((AP)“), In N/(aN) - 

WP)2)/N + ~(W2),/(cW + 0(1/N) 

In our experimental studies, due to the limitation 
of the measuring equipment, we usually have a 
series of measurements of S,( Y, N). It is important 
to note that simply averaging (S2(~,N)) is not 
correct due to this asymmetry. The correct ap- 
proach is to average (S, + S:) and (S,)*, then 

(P(O)P(vT)) - (P)2= (S, + Sf) - (SJ2. 

The wrong method always underestimates the 
(AP( P(r)). Also, due to this asymmetry, for 
any finite N, the experimentally measured S,(v) 
cannot be expected to yield the second fluctuation 
moment, (A P(O)A P( VT)), precisely. 

4.3. The Gaussian assumption for the jluorescence 
intensity 

Gaussian behaviour arises only when m + 00, a 
consequence of the central limit theorem. In the 
case where 112 B 1, Koppel [3] has predicted inde- 
pendence of the signal-to-noise ratio from the 
sample concentration. Most FCS experiments are 
performed at dilute concentration, however. Re- 
cently, attempts to characterize molecular aggre- 
gation from high moments of fluorescence inten- 
sity have been carried out. The high-order mo- 
ments do contain novel information about a poly- 
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disperse system [6,7]. The non-Gaussian feature of 
the fluorescence intensity in FCS is inherent and 
differs from light scattering measurements, where 
large number of scatterers ensure the Gaussian 
behavior of scattering light. 
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